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Abstract
Continuum models of porous media use macroscopic parameters and state vari-
ables to capture essential features of pore-scale physics. We propose a macro-
scopic property “accessivity” (α) to characterize the network connectivity of
different sized pores in a porous medium, and macroscopic state descriptors
“radius-resolved saturations” (ψw(F ), ψn(F )) to characterize the distribution
of fluid phases within. Small accessivity (α → 0) implies serial connections
between different sized pores, while large accessivity (α → 1) corresponds to
more parallel arrangements, as the classical capillary bundle model implicitly
assumes. Based on these concepts, we develop a statistical theory for qua-
sistatic immiscible drainage-imbibition in arbitrary cycles, and arrive at simple
algebraic formulae for updating ψn(F ) that naturally capture capillary pressure
hysteresis, with α controlling the amount of hysteresis. These concepts may be
used to interpret hysteretic data, upscale pore-scale observations, and formulate
new constitutive laws by providing a simple conceptual framework for quanti-
fying connectivity effects, and may have broader utility in continuum modeling
of transport, reactions, and phase transformations in porous media.
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1. Introduction
From rocks and wood to concrete and catalysts, porous materials vary widely
in origin, properties, and applications. Despite their macroscopic appearance as
solid objects, porous media are distinguished by their ability to contain fluids
internally, owing to their heterogeneous microstructure – the solid matrix occu-
pies only a portion of the macroscopic domain, while the complementary pore
space is able to accommodate one or more fluid phases [1].
In the typical case of well-connected pores, diverse physical phenomena in
porous media, such as fluid flow, heat and mass transfer, gas adsorption, and
phase transformations, may be amenable to homogenized macroscopic descrip-
tions [2], although the exact connection with microscopic details of the porous
medium is not always clear. Remarkably, any continuum model implicitly as-
sumes that the overall effects of the often nontrivial pore-space morphologies [3]
can be encapsulated in a small number of parameters, e.g., porosity, φ, tortu-
osity, τ , intrinsic permeability, ks, effective thermal conductivity, ke, etc., and
the state of any fluid phase can be described by a small number of distributed
state variables, e.g., pressure, p, saturation, s, etc.. For certain simple physi-
cal processes, especially those involving a single fluid phase, simple continuum
formulations generally work well, and a rigorous connection between the pore-
scale and continuum-scale governing equations can be sought – examples include
single-phase flow [4, 5] and heat transfer [6, 7] – although estimating the trans-
port coefficients from microscopic features of the porous medium is still an open
research problem [8, 9, 10, 11, 12].
In comparison, it is considerably more challenging to develop continuum
models for immiscible multiphase flow in porous media (including unsaturated
flow and condensate transport) [1, 13, 14, 15, 16, 17, 18, 19, 20, 21] based on mi-
croscopic physics. While it is possible to upscale pore-scale equations by careful
averaging [22, 23, 24, 25, 26], the resulting model varies depending on the macro-
scopic state variables selected and the scaling laws assumed for the application
considered, not to mention that the mechanisms for pore-scale fluid motions
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are highly complex and are still actively researched [27, 28, 29, 30]. Thus, in
formulating continuum models of multiphase flow in porous media, there ex-
ists a trade-off between mathematical simplicity and consideration of pore-scale
physics. In conventional models that are widely accepted in practice, saturation
is the primary state variable; it is used to compute capillary pressure [31, 32]
and relative permeabilities [33, 34, 31] via empirical constitutive relationships,
which are able to fit typical experimental measurements by virtue of having
several adjustable parameters [35]. By recognizing that pore-scale phenomena
like viscous flow and capillary equilibrium must first and foremost depend on
the microscopic dimensions of pores, some of the most popular continuum con-
stitutive relationships in the literature have also incorporated the concept of a
pore-size distribution [36, 37, 38, 39], conceptualizing the pore space as inter-
connected pores of various sizes, either implicitly or explicitly [40, 41], such as
in the well-known “capillary bundle” model.
However, these conventional models suffer from hysteresis, meaning that
the relationships between state variables are non-unique and history-dependent.
This suggests that saturation alone cannot fully describe the microscopic state
of fluid phases in real porous media, and additional macroscopic state variables
are required to capture hysteresis. Many authors have considered extending the
conventional constitutive relationship between capillary pressure and satura-
tion, pc(sw), by assuming that pc may also depends on the “rate of saturation”,
∂sw/∂t (or at least its sign) [42, 43, 44, 45, 46], thereby attributing hysteresis to
nonequilibrium effects. Some authors have identified “specific interfacial area”,
awn, or the interfacial area between fluid phases w and n per unit volume of
the porous medium, as a physically relevant state variable on thermodynamic
grounds, and have advocated for its inclusion in continuum models to reduce
capillary pressure hysteresis [47, 44, 48, 49, 50]. This hypothesis seems to hold in
many but not all cases, as revealed by micromodel experiments [51, 52, 53, 54],
lattice-Boltzmann simulations [55], pore-network simulations [56, 57, 58, 59],
and analysis [60], while the exact form of any new constitutive relationships re-
quired may not be completely clear. More recently, Hilfer put forth a new class
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of continuum models for two-phase flow in porous media [61, 62, 63] involving
four fluid saturation variables, {s1, s2, s3, s4}, as opposed the conventional two,
{sw, sn}, for the two fluid phases (in either case, all saturation variables must
sum up to unity); we have sw = s1 + s2 and sn = s3 + s4, where s1 and s3
correspond to “percolating regions” of the respective fluid phases, and s2 and
s4 correspond to “non-percolating regions”. By differentiating between the con-
tributions of percolating and non-percolating fluid “subphases”, Hilfer’s model
naturally predicts hysteresis as a result of the dynamics of the newly introduced
state variables. Because the model is not derived from the principles of micro-
scopic physics, phenomenological assumptions are still required to, say, model
the “mass transfer rates” between s1 and s2, or s3 and s4 (namely, percolating
fluid regions becoming non-percolating and vice versa), which result in model
parameters that may be difficult to physically interpret, though potentially de-
terminable from experiments.
It appears that the intrinsic complexity of multiphase flow in porous me-
dia would ensure that any continuum model to come in the foreseeable future
will not match the performance of pore-scale methods (pore-network, Lattice-
Boltzmann, phase-field, etc.; see this review [64] for instance) in terms of either
predictability or connection to first principles. On the one hand, conventional
models are preferred for macroscopic simulations and used routinely in prac-
tical applications, where hysteresis is either described empirically or neglected
altogether, although it is considered crucial for making certain types of predic-
tions (e.g., [65]). On the other hand, new continuum models, despite having
rightly introduced new and physically meaningful state variables (awn, Hilfer’s
s1, . . . , s4) so as to naturally predict hysteresis, deviate significantly from con-
ventional models, and involve somewhat unintuitive constitutive laws with phe-
nomenological constants that lack a clear connection to the pore-scale descrip-
tions, possibly due to the emphasis placed on reproducing certain macroscopic
observations.
In this work, we take the view that there is great value in identifying new
physically meaningful concepts that are relevant to continuum modeling of mul-
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tiphase flow in porous media. These concepts should be connected to essential
aspects of pore-scale physics, yet intuitive enough for a wide range of continuum-
scale applications – the pore-size distribution would fall within this category. In
the short term, these concepts may be incorporated into conventional continuum
models for incremental improvements, while in the long term, they may be sub-
ject to pore-scale investigations, and ultimately play a role in future continuum
models of multiphase flow.
The first concept we shall propose is the “pore-space accessivity”, denoted
by α. Accessivity is a continuum-scale property of porous media that, in the
simplest possible fashion, contrasts serial and parallel arrangements of different
sized pores. This extends the capillary bundle model, which is known to be
insufficient, but still routinely invoked because of its simplicity [66, 67]. The
capillary bundle picture coincides with the α→ 1 limit in our framework.
The second concept we shall propose is the “radius-resolved saturation”,
ψ(F ), where 0 ≤ F (r) ≤ 1 is the cumulative distribution function (CDF) of
the pore-size distribution, where r denotes the pore radius. Radius-resolved
saturation would replace saturation as a better continuum-scale descriptor for
the distribution of fluid phases in the pore space, where “saturation” ψ is now
defined for pores of each particular size given by F , hence “radius-resolved”.
The paper is organized as follows. In Sections 2 and 3, we introduce the
concepts of accessivity and radius-resolved saturation, and relate them to exist-
ing ideas in the literature. In Section 4, we present a simple statistical theory
based on pore branching that leads to simple governing equations involving the
proposed concepts. In Section 5, we present simple illustrative examples to
highlight the usefulness and limitations of our theory. Finally, we discuss the
broader utility of accessivity and radius-resolved saturation and identify out-
standing questions and future research directions in Section 6, before concluding
in Section 7.
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2. Characterization of pore-space morphology
In this section, we consider macroscopic descriptors for the pore-space mor-
phology of a porous medium. For that purpose, the pore space need not be
filled with any particular fluid and can be left “empty” (or, alternatively and
conceptually equivalently, filled uniformly with an inert fluid). We will briefly
review some existing descriptors and introduce pore-space accessivity at the end
of the section.
2.1. Porosity
Porosity, denoted by φ, is an intuitive macroscopic property of a porous
medium that reflects the volume fraction of the pore space in the domain of the
medium. We may think of it as:
φ =
Vp
V
, (1)
where V is the volume of a representative domain of the porous medium (called
a representative elementary volume), and Vp is the volume of the pore space
within that domain [1, 2]. The definition of porosity entails:
φ ∈ (0, 1) . (2)
The porous medium becomes plainly the solid in the limit of φ → 0, and a
homogeneous free space available for fluid occupation as φ→ 1. As φ increases,
the medium acquires a greater capacity for fluids, and generally becomes less
dense and more permeable. See Figure 1.
2.2. Tortuosity
Tortuosity (also referred to as the tortuosity factor by some authors [68]),
denoted by τ , is another familiar continuum-scale parameter for porous media
[2]. It is sometimes intuitively taken as:
τ =
(
Le
L
)2
, (3)
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φ→ 0 φ→ 1φ ≈ 1/2
Figure 1: Illustrations of a series of realizations of porous media with low, medium, and
high porosities. Black and white regions correspond to the solid matrix and the pore space,
respectively.
where L is the straight-line distance along a particular direction of flow or
diffusion in the porous medium, and Le is the typical arc length of a tortuous
microscopic path spanning that distance that is followed by a tracer particle in
the pore space [68], although the more general definition, based on the effective
diffusivity through the medium:
Deff =
Dφ
τ
, (4)
may not have such a simple geometrical interpretation [2, 69]. Here, D is the
“true” diffusivity of the species in the pore space. We expect:
τ ∈ [1,∞) . (5)
If we regard the pore space as a bundle of tortuous but non-intersecting
capillaries, the limit of low tortuosity, τ → 1, represents a bundle of straight
capillaries that are perfectly aligned in the direction of flow or diffusion, in
which case the effective value of the pertinent transport coefficient approaches
its “true”, pore-scale counterpart [2]. As τ is raised, the typical residence time
of a tracer particle grows longer, leading to increasingly slower transport [68],
due to branched, non-percolating paths and series connections through the pore-
network [2], which violate the capillary bundle model. See Figure 2.
2.3. Pore-size distribution
As we discussed in Section 1, the relevant length scale for pore-scale physics
is often the local dimensions of the pore space. For example, in the simple
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τ → 1 τ →∞τ ≈ 2
Figure 2: Illustrations of a series of realizations of porous media with low, medium, and high
tortuosities. Black and white regions correspond to the solid matrix and the pore space,
respectively. Note that a porous medium with a large τ seldom looks like what is shown here,
and the simple geometrical interpretation given by Eq. (3) is no longer useful or accurate.
case of a straight, cylindrical pore of radius r, viscous flow is described by the
Hagen-Poiseuille equation [70]:
Q =
pir4
8µ
∣∣∣∣dPdz
∣∣∣∣ , (6)
where Q is the volumetric flow rate through the pore, µ is the viscosity of the
fluid, and dP/dz is the magnitude of the dynamic pressure gradient along the
pore axis; capillary equilibrium between two immiscible fluid phases w and n
separated by a meniscus perpendicular to the pore axis is described by the
Young-Laplace equation [70] (also known as the Washburn equation [37]):
|∆p| =
∣∣∣∣2γwn cos θr
∣∣∣∣ , (7)
where |∆p| is the magnitude of the (microscopic) capillary pressure across the
meniscus, γwn is the surface tension between the two fluids, and θ is the contact
angle. The pore radius r appears in both equations, while the same principle
also holds for pores with other geometries.
The pore-size distribution (PSD) describes the variability of pore radii through-
out the medium at the continuum scale. We denote its probability density func-
tion and cumulative distribution function by f (r) and F (r), respectively; the
two are related by:
F (r0) =
∫ r0
0
f (r) dr. (8)
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Despite the lack of a universally accepted definition, the PSD is nevertheless an
intuitive and useful concept [71, 3]. In this work, we will interpret F (r0) as the
volume fraction of all “pores” whose “radii” are below r0; the pores are taken
to be cylindrical, or r is to be interpreted as the effective radius of a cylindrical
pore. It follows that dF (r0) = f (r0) dr is the volume fraction of all pores whose
radii fall within [r0, r0 + dr).
Finally, we find it advantageous in the following discussions to refer to dif-
ferent pore sizes by F instead of by r: we say a pore is “of size F0” when it has a
radius r0 such that F0 = F (r0). There is no ambiguity because the cumulative
function of the PSD is a bijective map from r to F . Using F as a surrogate
for pore size is particularly useful when the pore scale events of interest are
controlled only by the relative order of pore sizes (i.e., which pore is larger or
smaller in size), such as in invasion percolation [72]. This way, we can express
general results that are independent from the PSD, as we shall see in subsequent
analyses.
2.4. Connectivity of different sized pores: accessivity
Numerous continuum-scale processes in porous media are affected by not
only the PSD, but also the way in which different sized pores are connected. The
“ink-bottle effect” is a prominent example of connectivity effects, and is known
to contribute to capillary pressure hysteresis, such as in mercury intrusion-
extrusion porosimetry [73, 66]: during intrusion, pores that are large enough
to be invaded by mercury according to the Washburn equation will not become
filled if they are only accessible through smaller pores; similarly, during extru-
sion, as p is lowered quasistatically, smaller pores may not empty if they are
preceded by larger ones.
How connectivity effects are handled [40, 41] significant affects the resulting
porous media model. Consider the capillary bundle model, which conceptual-
izes the pore space as a bundle of straight capillaries that are directly accessible
from the surface of the sample. Here, connectivity effects – and hence hys-
teresis (barring other explanations such as contact-angle hysteresis [74]) – are
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completely absent, as pores of different sizes are equally and consistently acces-
sible. The simplistic nature of the capillary bundle model draws much criticism
[66, 67], while at the same time engendering widespread use in practice, e.g., in
the standard laboratory interpretation of mercury intrusion porosimetry data
and sorption isotherms. It is precisely the inadequacy of the simplistic cap-
illary bundle model that led to the birth of pore-network modeling, as Fatt
asserted in the opening paragraph of their seminal work [75]. Contemporary
pore-network models portray the pore space as a network of geometrically sim-
ple voids, e.g., cylindrical “pore throats” and spherical “pore bodies”, whose
connectivities are either approximated with regular lattices [76, 56] or extracted
from 3-D images of real porous media [77, 78]. Predictions of continuum-scale
properties are then made by numerically solving pore-scale equations written
for elements in the pore-network [79, 76, 78, 80], as exemplified by the invasion
percolation approach [72]. In the same light, percolation theory has also been
applied to model connectivity effects in porous media, and can yield analytical
results based on calculations on simple lattices (e.g., the Bethe lattice or the
Cayley tree) [81, 82, 3, 83, 84, 85, 86, 87, 88, 89, 90, 91, 92].
Despite this significant body of research, we find it beneficial, both concep-
tually and practically, to propose a continuum-scale property of porous media
that describes the microscopic connectivity of different sized pores. The pro-
posed parameter would be analogous to established concepts like tortuosity,
which is based on an intuitive yet imprecise pore-scale physical picture – higher
tortuosity means more “tortuous” pores (Eq. (3)), but interpreted more flex-
ibly for real porous media based on macroscopic characteristics – tortuosity is
defined based on effective transport (Eq. (4)). We name this new quantity the
“accessivity”, and denote it by α, with:
α ∈ (0, 1) . (9)
As with φ and τ , the limiting values of α correspond to two extreme cases
of pore-space connectivity. Figure 3 illustrates the microscopic interpretation of
accessivity for a hypothetical porous medium with a trimodal PSD. As α→ 0,
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different sized pore segments are overwhelmingly connected in series, which
would lead to significant ink-bottle effects. As α → 1, different sized pores are
overwhelmingly arranged in parallel, coinciding with the capillary bundle model
and thus eliminating connectivity effects. A larger α correlates with a slower
rate of radius variation along a pore axis, which in turn reduces connectivity
effects and any ensuing hysteresis.
α→ 0 α→ 1α ≈ 0.5
Figure 3: Illustrations of a series of realizations of porous media with low, medium, and high
accessivities. Black and white regions correspond to the solid matrix and the pore space,
respectively.
Accessivity should be viewed as an approximate descriptor for the connec-
tivity of different sized pores. Unlike pore-network models, a single parameter
α cannot possibly capture the full details of pore-space connectivity, but that
is not the objective of this work: we propose the concept as an intuitive ex-
tension to the capillary bundle model, where connectivity effects are entirely
absent. While the capillary bundle model uses the PSD to discern the differ-
ences in behaviors of the different sized pores in isolation, accessivity broadens
that analysis by considering how the different sized pores are arranged relative
to one another.
The macroscopic implications of accessivity will become clear in the following
sections through more quantitative descriptions. We will also discuss how the
concept accessivity may be generalized.
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3. Characterization of fluid distribution
In this section, we will consider a porous medium whose pore space now hosts
multiple fluids. The fluid phases may distribute in any arbitrary fashion that is
consistent with pore-scale physics. Our goal is to characterize the distribution of
fluid phases at the macroscopic scale. The concepts we propose here are general
and can be readily extended to systems involving any number of immiscible
fluids, though for simplicity, we shall confine our discussion to the case of two
fluid phases, which are denoted by w and n, corresponding to the wetting and
nonwetting phases, respectively.
3.1. Conventional saturation
The saturation of phase w is the volume fraction of the wetting fluid in the
pore space:
sw =
Vw
Vp
, (10)
where Vw and Vp are the volume occupied by wetting phase and the total volume
of the pore space in the same control volume in the porous medium; akin to
the definition of porosity, we shall choose a macroscopic control volume that is
representative of the porous medium [1]. We can similarly define saturation for
the nonwetting phase, sn. Both sw and sn vary between zero and unity, and it
follows from their definitions that sw + sn = 1.
In continuum descriptions of two-phase flow, sorption, mercury porosimetry,
etc., saturation is a common a state variable that may vary in both space and
time. When sw → 1 (or 0) at a certain point in a macroscopic domain, some
representative volume surrounding that point becomes exclusively filled with
the wetting (or nonwetting) phase, and assuming we have perfect knowledge of
the pore-space morphology, there is no ambiguity in the microscopic state of the
medium near that point. By contrast, a fractional sw generally corresponds to a
multitude of possible microscopic states: the two fluid phases can be distributed
in the pore space in any arbitrary fashion, so long as the overall fraction of each
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phase corresponds to its saturation. Depending on the properties of the fluids
and the solid matrix and the pore-scale physics in effect, some microscopic states
may be more favorable than others; nevertheless, knowledge of saturation alone
is generally far from sufficient for deducing the distribution of fluid phases at
the pore scale.
3.2. Radius-resolved saturation
impose
PSD
Washburn connectivity
measure
Figure 4: Causal dependencies between macroscopic quantities during a conceptual invasion
percolation process on a representative control volume in a porous medium. The measured
sn(pc) relationship results from a combination of capillary equilibrium conditions, the PSD,
and pore-space connectivity, with two intermediate macroscopic variables, rc and Fc.
To motivate the definition of the “radius-resolved saturation”, consider the
conceptual process of invasion percolation [72, 81, 82] in a representative control
volume (small enough such that there is no internal variation of any continuum-
scale properties) in a porous medium, which can be compared to carrying out
mercury intrusion porosimetry or equilibrium sorption measurements on a small
sample. We illustrate the causality between the quantities involved in such a
process in Figure 4. The pore space is initially filled with one fluid, say the
wetting phase, such that sw = 1 in the control volume, while part of the outer
surface is exposed to a reservoir containing the nonwetting fluid. At equilibrium,
the pressure within either phase (pw, pn) is uniform, but there may exist a
difference between the two pressures, which is referred to as the macroscopic
capillary pressure, pc = pn−pw. Suppose we raise pc quasistatically, whose effect
is presumably felt at every w-n interface in the porous medium. Each particular
pc corresponds to an equilibrium capillary radius, rc, given by the Washburn
equation (Eq. (7)). Pores with effective radii smaller than rc will undergo
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imbibition if a meniscus is present, and those with radii larger than rc favor
drainage. Given the PSD, each rc maps to a Fc = F (rc) (see earlier discussions
on using the cumulative function of the PSD as a surrogate for pore size), such
that Fc gives the volume fraction of the pore space that would favor imbibition,
while 1 − Fc gives the volume fraction of pores that would favor drainage. As
pc becomes higher, rc decreases, thus increasing 1 − Fc, predisposing a greater
volume fraction of the pore space to invasion by the nonwetting fluid. The
actual volume fraction of the nonwetting fluid in the pore space is measured by
sn, which may never exceed 1 − Fc during the invasion process, but could be
smaller than 1− Fc due to connectivity effects:
sn ≤ 1− Fc. (11)
That is, not all pores large enough to favor drainage (1 − Fc) will actually
undergo drainage (sn) unless they are directly accessible by the nonwetting
fluid – consider the ink-bottle effect. If the pore space were well represented by
a capillary bundle, then all pores would be directly accessible by the nonwetting
phase at all times during invasion; the accessivity α→ 1 for the control volume,
as different sized pores would be arranged entirely in parallel. In this case, we
would have sn = 1 − Fc. Conversely, for α < 1, we would generally expect
sn < 1− Fc.
We propose the radius-resolved saturations, ψw(F ) and ψn(F ), to charac-
terize the distribution of fluids across different pore sizes. Among all pores
of a particular size F0 = F (r0) (see earlier discussions), ψw(F0) is the vol-
ume fraction of pores filled with the wetting fluid, and ψn(F0) is the fraction
of pores filled with the nonwetting fluid. Akin to conventional saturations,
ψw(F ) + ψn(F ) = 1 for all 0 ≤ F ≤ 1. Conventional saturations are easily
recovered from the radius-resolved saturations:
sw =
∫ 1
0
ψw(F )dF, sn =
∫ 1
0
ψn(F )dF. (12)
Namely, conventional saturations are simply averaged radius-resolved satura-
tions, weighted by the volume fraction of each pore size. Note that if we had
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expressed ψw as a function of pore radius r, we would have written:
sw =
∫ ∞
0
ψw(r)f(r)dr (13)
because dF = f(r)dr. Here, ψw(r)f(r) would be the “pore-size distribution”
density of just the wetting fluid-filled pores.
Figure 5: Different qualitative features of the radius-resolved wetting-phase saturation, ψw(F ),
during quasistatic primary drainage, where the nonwetting fluid replaces the wetting fluid as
we raise pc (thus lowering Fc). When accessivity is nearly unity (left), all pores larger than
Fc are accessible by the nonwetting phase and will undergo drainage; when accessivity is less
than unity (right), although all pores larger than Fc will favor drainage, only some of them
actually drains, the details of which are captured by the ψw(F ) function.
Now we apply the concept of radius-resolved saturation to invasion percola-
tion. When α → 1 (e.g., capillary bundle), as pc is quasistatically raised to a
particular value, all pores larger than rc (and hence Fc) will undergo drainage,
so we expect the following radius-resolved saturation:
ψw (F ;Fc) =
1, F < Fc0, F > Fc, (14)
which states that relative to the Fc that corresponds to the imposed pc, all
pores that are smaller are w-filled (ψw = 1), and all larger pores are n-filled
(ψw = 0). On left-hand side of Figure 5, we plot the function ψw (F ) in red
for some arbitrary Fc, for the case of α → 1. The areas colored in blue and
yellow correspond to the two integrals given in Eq. (12), hence sw and sn,
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respectively. From the figure, it is clear that sw = Fc and sn = 1 − Fc in this
case, as expected.
On the other hand, if accessivity is lower, indicating some serial connectivity
between different sized pores, then the radius-resolved saturation will generally
evolve differently, as shown on the right-hand side of Figure 5. We expect:
ψw (F ;Fc) =
1, F < Fcvaries between 0 and 1, F > Fc. (15)
As before, during primary drainage, all pores that are smaller than Fc will
remain w-filled, but with α < 1, some larger pores may remain w-filled, too.
In fact, the integral
∫ 1
Fc
ψw(F )dF corresponds to wetting fluid in larger pores
(F > Fc) favoring drainage yet cannot drain because they are blocked from the
nonwetting fluid by smaller pores (F < Fc). In the context of primary drainage,
this quantity is precisely Hilfer’s s2 (assuming the solid matrix is water-wet),
or the saturation of the “non-percolating water subphase” [61, 62]. Because
s2 > 0, we have sw > Fc and sn < 1− Fc, which is clear from Figure 5.
Now consider the general situation of a control volume that has undergone
a number of arbitrary drainage-imbibition cycles before the capillary pressure
is finally brought to pc. Figure 6 depicts the expected ψw(F ) profiles for porous
media with different accessivities. For α → 1, the radius-resolved saturation
ψw(F ) is the same as before (see Figure 5 and Eq. 14) – because the entire
pore space is directly accessible by external fluids, all pores that are smaller
(larger) than Fc are filled with the wetting (non-wetting) phase. There is a
one-to-one correspondence between sw and ψw(F ), i.e., one can reproduce the
radius-resolved saturation function from sw, which correctly implies that the
capillary bundle model does not predict connectivity-based hysteresis in pc(sw).
On the other hand, in a real porous medium with an accessivity that is
lower than unity, ψw(F ) can acquire nontrivial shapes after arbitrary cycles of
drainage and imbibition, an example of which is given on the right-hand side of
Figure 6. We see that ψw(F ) is a better representation of the microscopic state
of porous medium than sw (given by the blue area), as the former registers the
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effects of the flow history on the current microscopic distribution of fluids.
Figure 6: Different qualitative features of the radius-resolved saturation, ψw(F ), after a num-
ber of arbitrary drainage-imbibition cycles. When accessivity is nearly unity (left), all pores
larger than Fc are accessible by the nonwetting phase and will undergo drainage; when ac-
cessivity is less than unity (right), although all pores larger than Fc will favor drainage, only
some of them actually drains, which is captured by the ψw(F ) function.
Interestingly, ψw(F ) may have some loose connection to Hilfer’s four satu-
ration variables [61, 62], s1, . . . , s4. We note that in the right-hand side plot of
Figure 6, the [0, 1] × [0, 1] domain is divided into four “quadrants” by the red
ψw(F ) curve and the dashed vertical line at Fc. By recalling that a point in the
blue (yellow) area corresponds to a pore filled with the wetting (nonwetting)
fluid, and that a point to the left (right) of the F = Fc line corresponds to
a pore that favors imbibition (drainage), we find it appealing to interpret the
areas of the four “quadrants” as follows:
∫ Fc
0
ψw(F )dF
stable
w phase
∼ Hilfer’s s1, (16)
∫ 1
Fc
ψw(F )dF
metastable
w phase
∼ Hilfer’s s2, (17)
∫ 1
Fc
1− ψw(F )dF
stable
n phase
∼ Hilfer’s s3, (18)
∫ Fc
0
1− ψw(F )dF
metastable
n phase
∼ Hilfer’s s4, (19)
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as demonstrated in Figure 7.
Figure 7: The four “quadrants” in the right-hand side plot of Figure 6, whose areas define
four saturation variables with distinct physical meanings. These lumped saturation variables
are reminiscent of (but differ from) Hilfer’s four saturation variables based on percolation, yet
lack the precise connection to the PSD found in the radius-resolved saturation, ψw(F )
For instance, the integral in Eq. (17) corresponds to the area of the lower
right “quadrant” in Figure 7, which gives the volume fraction of pores that are w-
filled but large enough to favor drainage at the imposed Fc. We say these pores
contain “metastable w phase” because the wetting fluid would have drained out
of those pores if they were accessed by mobile menisci. We note that the four
integrals identified in Eq. 16 – 19 are not identical to Hilfer’s definitions of
s1, . . . , s4, which are based on percolation rather than pore size. For instance, a
pore with “stable n phase” is not necessarily percolating to an external reservoir
of the nonwetting fluid, and could be part of a trapped ganglion. Nevertheless,
it is remarkable that the conventional saturations (sw and sn) can be intuitively
subdivided into four saturation-like variables in either case. Our framework is
different in that it also affords an intuitive and precise connection to the PSD,
and, in fact, goes beyond a four-variable description through characterizing the
microscopic distribution of fluid phases across different pore sizes using the
function ψw(F ).
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4. Statistical theory
So far, we have proposed accessivity, α, as a continuum-scale descriptor for
the connectivity of different sized pores, and radius-resolved saturation, ψw(F ),
for the distribution of immiscible fluid phases in the pore space. We have qualita-
tively demonstrated that, in a porous medium with α < 1, serial connections be-
tween different sized pores may contribute to the accumulation of “metastable”
fluids (i.e., wetting phase in “larger” pores, or nonwetting phase in “smaller”
pores, relative to a pore at capillary equilibrium) as a result of the ink-bottle
effect, making ψw(F ) a more informative representation of the state of fluids in
the pore space than the conventional saturation, sw.
As much as we expect α and ψw(F ) to have much broader utility in the con-
tinuum modeling of multiphase processes in porous media, it is also desirable
to develop a basic theoretical framework that captures their key “mechanics”
based on pore-scale physical principles. For instance, we might expect a porous
medium with a low α to experience much hysteresis in pc(sw) due to significant
ink-bottle effect, which should manifest as changes in ψw(F ) that are strongly
history-dependent – our framework should be able to reproduce these features
by laying out a set of quantitative rules that are both physically intuitive and
mathematically simple. The framework would also constitute an incremental
improvement over the capillary bundle approach by remedying its most promi-
nent shortcoming [66, 67]: its disregard for connectivity effects. Accuracy and
predictability are not our objectives here – think of “Fick’s law for connectivity
effects”.
In regard to the scope of this paper, we will focus on computing quasistatic
capillary pressure hysteresis in the context of two-phase flow, mercury porosime-
try, and related processes. Dynamical effects, including simple models of relative
permeability hysteresis, will be explored in future works. First, we model pore-
space morphology as a statistical branching process, and regard the pore space
within a representative control volume of the porous medium as an ensemble of
“pore instances”. Then, we analyze the movement of menisci in a pore instance
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based on either ordinary differential equations (ODEs) or algebraic arguments,
which yield a set of simple formulae that govern how ψw(F ) evolves for arbitrary
but quasistatic variations in pc in porous media with different α. Finally, we
demonstrate that hysteretic pc(sw) loops are produced naturally by means of
updating ψw(F ), while α acts as the sole parameter that controls the amount
of hysteresis.
4.1. Pore-space morphology
Overview. The first step in developing our framework is to propose a procedure
for conceptualizing the pore space in a porous medium with a given accessivity,
α. The procedure will be based on a statistical branching process, where α
quantitatively controls the overall incidence of pore-radius variations. The idea
here is similar to the rationale behind the microscopic interpretation of tortuos-
ity through Eq. (3), which is given for an idealized pore space and barely holds
for generic porous media, although the physical interpretation of the quantity
remains conceptually useful nevertheless.
Skeletal reduction of pore space. We assume that the entire pore space can be
mapped to intersecting space curves, which may be accomplished by tracing out
the “skeleton” of the pore space, defined as the set of points that are equidistant
from nearby surfaces of the solid matrix [77]. We refer to the individual segments
of the space curves as pore branches, and their points of intersection as junctions.
The coordination number of a junction, denoted by z, is equal to the number
of branches emanating from that junction. In general, we have:
z = 1, 3, 4, . . . , (20)
where a 1-coordinate junction is either a dead end or a point on the boundary of
the domain of the medium. Figure 8 shows the pore skeleton of a hypothetical
2-D porous sample.
Each pore branch is subsequently parameterized by some axial coordinate
that corresponds to locations along the skeleton from one junction to another,
20
which may be based on the arc length, the pore volume, or any other appropriate
measure of size. We denote the size of a pore branch, i.e., its total arc length or
total pore volume, by b.
Figure 8: A hypothetical 2-D porous sample (where black and white areas correspond to the
solid matrix and the pore space, respectively) and its pore skeleton (blue curves). The various
junctions display different coordination numbers.
Effective radius and PSD. We approximate the exact geometry of the pore
space by assigning some effective radius as a function of the axial coordinate
along the space curve segment for each pore branch. The meaning of “effective”
depends on the application of interest: if we wish to study the displacement
of immiscible fluids, for example, we may evaluate the equilibrium capillary
pressure, pc, across a stationary meniscus placed at a certain location along the
pore branch, and convert it to an effective radius of rc, the equilibrium capillary
radius, using the Washburn equation (Eq. (7)).
By compiling radius measurements along all branches weighted by the pore
volume associated with each radius, we obtain a PSD, whose cumulative distri-
bution function we denote by F (r).
Probabilistic occurrence of junctions. We devise a probabilistic branching pro-
cess by which we construct an conceptualized pore space. Imagining traversing
the pore space along its skeleton beginning from an arbitrary location, we as-
sume that the occurrence of junctions of each coordination number is described
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by a homogeneous Poisson point process. That is, we encounter z-coordinate
junctions at a fixed rate of λz, which has the unit of the reciprocal of the ax-
ial coordinate, e.g., [L] or
[
L−3
]
. A random experiment following the above
probabilistic rules yields a particular “instance” of the pore space, as shown in
Figure 9. The overall pore space is described by an ensemble of all possible
instances, probabilistically weighted. Because no loops are formed in this prob-
abilistic branching process, the resulting pore instances resemble a Bethe lattice
[81, 82], although in our case the coordination number may vary from junction
to junction.
Representative 
control volume in 
porous medium
Figure 9: An cartoon illustration of the branching process, which forms a random pore-
space instance. Junctions of various coordination numbers occur at distinct frequencies, each
following an independent Poisson process. Note the absence of loops in an instance.
The size of a branch, denoted by b and measured in the unit of the axial
coordinate, is equal to the distance travelled before encountering a junction of
any coordination number, which occurs at a rate of:
λZ+ =
∑
z∈Z+
λz, (21)
where Z+ is the set of all positive integers; here, we let λ2 = 0 (despite Eq.
(20)) for convenience of notation (or we could have replace Z+ with Z+ \ {2},
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to the same effect). It is a property of homogeneous Poisson point processes
that the size of a branch follows an exponential distribution, whose probability
density is given by:
Pr (b) = λZ+ exp (−λZ+b). (22)
The mean of the distribution, or the expected size of a branch, is given by:
〈b〉 = 1
λZ+
. (23)
The expected size of an entire instance, denoted by 〈c〉, is the sum of the sizes
of all the branches it contains. It follows the recursive relation:
〈c〉 = 〈b〉+
∑
z∈Z+
(
λz
λZ+
)
(z − 1) 〈c〉, (24)
which states that encountering a z-coordinate junction, which occurs with con-
ditional probability (λz/λZ+), shall give rise to (z − 1) new branches, each of
which behaving independently like a new instance, hence having an expected
size of 〈c〉. Combining Eqs. (21), (23), and (24) gives a formula for the expected
size of an instance:
〈c〉 = 1/λZ+
1− ∑
z∈Z+
(
λz
λZ+
)
(z − 1)
=
1
λZ+ −
∑
z∈Z+
λz (z − 1)
=
1∑
z∈Z+
[λz − λz (z − 1)]
〈c〉 = 1∑
z∈Z+
(2− z)λz , (25)
which is expected to be finite in a finite sized control volume, requiring that the
denominator be greater than zero.
Probabilistic radius variation along branches. Similarly, we assume that the
radius along a pore branch varies according to a homogeneous Poisson point
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process at a constant rate of `−1. Strictly speaking, this results in a series of
constant-radius pore segments, whose sizes follow an exponential distribution
with a mean of `, and whose radii are drawn at random from a prescribed
PSD. Since pore radius generally varies smoothly in real porous media, we may
interpret ` as the typical distance or volume over which the pore radius varies
significantly along the axial coordinate. Conceptually speaking, if we examine r
as a function of the pore axial coordinate in the frequency domain, `−1 should
reflect the mean location of the peak signals. It is also possible for ` to depend
on the instantaneous pore radius, e.g., the pore radius may vary more rapidly
as it becomes smaller, but here we will assume that there exists some average `
that works across all pore sizes.
Geometric definition of accessivity. We now have all the ingredients to define
accessivity based on geometric properties for the idealized case described above.
Firstly, we define:
q =
`
〈c〉 = `
∑
z∈Z+
(2− z)λz, (26)
which requires Eq. (25). Next, accessivity is taken as:
α =
q
1 + q
, (27)
which we can also write as:
q =
α
1− α. (28)
Here, q ∈ (0,∞) is the ratio of the size of a constant-radius pore segment to
that of an average instance of the pore space. Hence, 1/q ∈ (0,∞) gives the
expected number of pore-size changes per instance, and 1/α = 1 + 1/q ∈ (1,∞)
the expected number of different sized pores encountered per instance. Thus,
α ∈ (0, 1) is the fraction of an average instance that corresponds to constant-
radius pore segments immediately accessible from the exterior of the control
volume. As α→ 1, each instance contains only one pore size, making it entirely
accessible from the exterior, while different pore sizes are only found in parallel
24
instances. As α→ 0, an infinite number of distinct pore sizes are observed in an
instance, meaning that a vanishing small fraction of each instance is accessible,
and that different sized pores are organized in a highly serial manner. Increas-
ing λ1 in Eq. (26) increases the rate of encountering dead ends, which, at fixed
`, decreases the expected size of the pore space, 〈c〉, hence increasing α and
reducing connectivity effects. On the other hand, increasing λz for z ≥ 3 in-
creases the occurrences of high-coordinate junctions, which increases 〈c〉, hence
decreasing α and promoting connectivity effects.
4.2. Quasistatic fluid movements
Overview. Our next step is to model quasistatic immiscible fluid displacement
in a conceptualized pore space with to a given accessivity. To make our discus-
sion more concrete, we will assume the context of mercury porosimetry, where
the intrusion and extrusion of mercury correspond to quasistatic drainage and
imbibition, respectively. In an intrusion experiment, we measure the intruded
volume of mercury, V , as a function of its pressure, pc. We normalize volume
measurements to the maximum intruded volume, which defines the saturation
of mercury, sn = V/Vmax. Our goal is to derive a formula for sn (pc) given
Fc = F (rc) and α. Using Eq. (7), we convert from pc to the effective radius of
the smallest penetrable pores, rc, assuming we know γ and θ. The remaining
task in this analysis is to relate sn and Fc for a certain α, that is, given that
a fraction Fc of the pore space is too small in rc for mercury to invade at the
imposed pc, what volume fraction of the pore space, sn, will become filled with
mercury (see Figure 4)?
As we have discussed, the answer is straightforward if the pore space is well
represented by a bundle of straight capillaries, corresponding to α→ 1:
sn = 1− Fc, (29)
which says that all pores that are large enough for mercury to penetrate will
indeed become filled with mercury. Implicit in the standard approach to in-
terpreting mercury intrusion data, Eq. (29) is known to be “wrong” [66], but
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frequently used in practice nonetheless.
We hope to derive formulae for sn (Fc) that better captures connectivity
effects than Eq. (29), but are still simple enough for practical use. This will be
achieved through the inclusion of α as a model parameter, which would describe
the effects of connectivity of different sized pores in a simple fashion.
To keep the derivation approachable, we will first based our discussion on
the relatively simple case of mercury intrusion porosimetry, before generalizing
the formulae to arbitrary drainage-imbibition cycles. During mercury intrusion,
Fc is lowered from 1 to 0, causing sn to increase from 0 to 1. We assume that
any increase in sn can be attributed to the advancement of menisci into the
ensemble of instances that make up the pore space. We use ω to denote the
number of menisci per instance that may contribute to intrusion, and assume
ω (Fc = 1) = 1, i.e., there is one meniscus for every instance of the pore space at
the beginning of intrusion. Now, we consider how sn and ω change in response
to a differential change dFc < 0 (since Fc decreases during intrusion).
Number of advancing menisci. Since sn will not change if Fc remains un-
changed, we deduce that every meniscus must be immediately upstream to a
pore whose radius is smaller than rc, which prevents mercury from intruding
further into that pore branch. We say such a meniscus is in the “pinned” state.
When Fc is reduced to Fc+dFc, only menisci that are adjacent to a pore whose
radius falls in the interval [rc + drc, rc) will advance downstream. Thus, the
number of menisci per instance that move in response to dFc is equal to:
δωadv = ω
−dFc
Fc
, (30)
where the fraction −dFc/Fc is the conditional probability that the radius of the
pore next to the meniscus is in [rc + drc, rc), given that it is in (0, rc).
Probabilistic events experienced by an advancing meniscus. A meniscus that
begins moving in response to dFc may experience either of the following two
events as it travels along the pore branch:
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• The meniscus encounters a pore with a radius smaller than rc and returns
to the pinned state, which occurs at a rate of:
λr−c =
Fc
`
, (31)
where Fc is the probability that a radius drawn randomly from the PSD
is less than rc, and `
−1 is the average rate for pore radius variation;
• The meniscus encounters a junction (of any coordination number), which
occurs at a rate of λZ+ (see Eq. (21)).
Mean displacement of an advancing meniscus. We denote the mean total dis-
placement of an advancing meniscus and all its descendants by 〈d〉. It must
follow the recursive relation (cf. Eq. (24)):
〈d〉 = 1
λr−c + λZ+
+
∑
z∈Z+
(
λz
λr−c + λZ+
)
(z − 1) 〈d〉. (32)
Here, 1/
(
λr−c + λZ+
)
is the rate at which the advancing meniscus either be-
comes pinned or encounters a junction. Given that, it may be the case that the
meniscus encounters a z-coordinate junction before it gets pinned, which occurs
with conditional probability λz/
(
λr−c + λZ+
)
; this would transform the menis-
cus into (z − 1) independent menisci, each of which independently traverses one
of the additional pore branches, and is subject to the same two events described
above. (Note that in the case of z = 1, the meniscus either encounters a dead
end or exits the domain of the porous medium, thereby reducing the number
menisci responsible for further mercury intrusion to zero.) On the other hand,
if the meniscus gets pinned before it encounters a junction, which occurs with
conditional probability, λr−c /
(
λr−c + λZ+
)
, intrusion will stop, resulting in no
further increase in 〈d〉.
We can solve Eq. (32) for 〈d〉, similar to how we arrived at Eq. (25). We
obtain:
〈d〉 = 1
λr−c +
∑
z∈Z+
(2− z)λz , (33)
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which we simplify by inserting Eqs. (26) and (31):
〈d〉 = 1
F/`+ q/`
. (34)
ODE for saturation. As Fc is reduced to Fc + dFc, the differential change in
the saturation of mercury, dsn, must satisfy:
〈c〉dsn = δωadv〈d〉. (35)
In words, 〈c〉dsn is the differential amount of mercury intrusion observed per
instance in response to dFc, measured in the unit of the pore axial coordinate.
It is equal to the number of advancing menisci per instance, δωadv, multiplied
by the mean total displacement of each meniscus, 〈d〉.
Substituting Eqs. (26), (30), and (34) into Eq. (35), we obtain an ODE for
sn (Fc): (
`
q
)
dsn =
(
ω
−dFc
Fc
)(
1
Fc/`+ q/`
)
dsn
dFc
= − ω
Fc
q
Fc + q
. (36)
Mean number of descendants of an advancing meniscus. An advancing meniscus
can potentially transform into many descendent menisci. The mean number of
descendants per meniscus (including their progenitor), which we denote by 〈n〉,
is given by the recursive relation:
〈n〉 =
(
λr−c
λr−c + λZ+
)
(1) +
∑
z∈Z+
(
λz
λr−c + λZ+
)
(z − 1) 〈n〉, (37)
which says that an advancing meniscus remains one meniscus in the case that it
becomes pinned, but turns into (z − 1) 〈n〉menisci if it encounters a z-coordinate
junction. Solving for 〈n〉:
〈n〉 = λr−c
λr−c +
∑
z∈Z+
(2− z)λz , (38)
which we simplify by inserting Eqs. (26) and (31) to arrive at:
〈n〉 = Fc/`
Fc/`+ q/`
=
Fc
Fc + q
. (39)
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ODE for number of available menisci. As Fc is reduced to Fc+dFc, the differen-
tial change in the number of menisci per instance available for further mercury
intrusion, dω, is equal to:
dω = δωadv (〈n〉 − 1) , (40)
where (〈n〉 − 1) represents the net growth in the number of menisci for each
advancing meniscus. Substituting Eqs. (30) and (39) into Eq. (35), we obtain
an ODE for ω (Fc):
dω =
(
ω
−dFc
Fc
)(
Fc
Fc + q
− 1
)
dω
dFc
=
ω
Fc
q
Fc + q
. (41)
Analytical solutions. To recapitulate, we have derived a system of ODEs for sn
and ω consisting of Eqs. (36) and (41). Firstly, we solve Eq. (41), subject to
ω (Fc = 1) = 1:
dω
ω
=
q
Fc (Fc + q)
dFc∫ ω
1
dω̂
ω̂
=
∫ Fc
1
(
1
F̂
− 1
F̂ + q
)
dF̂
lnω = lnFc − ln
(
Fc + q
q + 1
)
ω =
(q + 1)Fc
Fc + q
. (42)
Secondly, by comparing Eqs. (36) and (41), we find:
dsn
dFc
= − dω
dFc
=⇒ dsn
dω
= −1.
Since sn (Fc = 1) = 0, we have sn (ω = 1) = 0. Hence:
sn = 1− ω
sn =
q (1− Fc)
Fc + q
sn(Fc) =
α (1− Fc)
(1− α)Fc + α. (43)
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Eq. (43) is our formula for the sn (Fc) relationship during mercury intrusion
(or primary drainage), where the accessivity, α, serves as a model parameter for
controlling connectivity effects. Its limiting behavior when α→ 1:
lim
α→1
sn(Fc) = lim
α→1
α (1− Fc)
(1− α)Fc + α = 1− Fc (44)
coincides with Eq. (29), which is the prediction of the capillary bundle model.
We may write sn (Fc) for quasistatic mercury extrusion (or primary imbibi-
tion) by simply replacing Fc with (1− Fc) and sn with (1− sn) in Eq. (43),
which gives:
sn(Fc) = 1− αFc
(1− α) (1− Fc) + α. (45)
where exactly the same reasoning used to derive Eq. (43) applies, except that
Fc is now quasistatically raised instead of lowered in mercury extrusion, caus-
ing increasingly larger pores to empty and hence reducing sn. Note that by
this simply analogy with mercury intrusion, Eq. (45) will not predict mercury
entrapment during mercury extrusion, which is due to other pore-scale mecha-
nisms such as snap-off [27] unaccounted for in this simple analysis.
An algebraic derivation. Under the assumption of quasistatic fluid movements,
it is possible to derive Eq. (43) algebraically without considering ODEs. Instead
of analyzing how sn responds to differential changes in Fc, we lower Fc from
an initial value of 1 to its final value directly, and consider the independent
displacements of all advancing menisci at once. Menisci pinned at pores whose
radii falls within [rc,∞) will begin advancing when Fc is lowered. This occurs
in a fraction of all instances, which is given by:
∆ωadv = 1− Fc. (46)
We have already derived the mean displacement of an advancing meniscus that
becomes pinned at a rate of Fc/`; the result is given by Eq. (34). The amount
of mercury intrusion in response to the abrupt lowering of Fc is equal to (cf.
Eq. (35) for the differential lowering of Fc):
〈c〉s = ∆ωadv〈d〉. (47)
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Substituting Eqs. (26), (46), and (34) into Eq. (47) gives Eq. (43) again.
Plots of formulae. Figure 10 shows the sn (Fc) relationship for both quasistatic
drainage (given by Eq. (43)) and imbibition (given by Eq. (45)), for porous
media of low, medium, and high accessivities.
0 1
Fc
0
1
sn
, = 0:9
, = 0:5
, = 0:1
Figure 10: Plots of sn (Fc) for quasistatic primary drainage (decreasing Fc, see Eq. (43))
and primary imbibition (increasing Fc, see Eq. (45)) for α = 0.1 (blue curves), α = 0.5
(red curves), and α = 0.9 (black curves). Increasing α results in less hysteresis, which is
manifested in the reduced degrees of serial connections between different sized pores. We
recover sn (Fc) = 1 − Fc as α → 1, which is given by the capillary bundle model (see Eq.
(29)).
During quasistatic primary drainage, e.g., mercury intrusion, as we raise pc
in the invading fluid, the effective radius of the largest penetrable pores, rc,
becomes lower. This gives a smaller volume fraction of pores that are too small
to be filled, which is given by the cumulative function of the PSD, Fc. As Fc
decreases, the volume fraction of pores that are penetrable, which is given by
(1− Fc), increases, leading to higher saturations of the invading fluid, sn.
Except when α → 1, we always have sn < 1 − Fc (disregarding the end
points). As discussed previously, this results from connectivity effects: the
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actual volume fraction of mercury-filled pores, sn, is always less than what it
would have been should pores of all sizes be directly accessible from the exterior,
(1− Fc).
Connectivity effects are the strongest when α → 0, which corresponds to
highly serial connections between different sized pores. Intrusion does not occur
to an appreciable extent when Fc is lowered at first because many larger pores
are only accessible through smaller ones. As Fc approaches zero, a larger fraction
of pores become penetrable, resulting in a rapid rise in sn, which is reminiscent
of a 1-D critical percolation transition [81, 82]. The extrusion curves mirror
these behaviors for increasing Fc.
As α increases, different sized pores become arranged in a more parallel
fashion, which weakens connectivity effects, as evinced in the narrower gap
between sn (Fc) and the sn = 1 − Fc line. As α → 1, pores of all sizes become
equally and indefinitely accessible from the outer surface of the porous medium,
thereby recovering the capillary bundle model and eliminating any hysteresis.
Rules for updating radius-resolved saturation. To truthfully account for hystere-
sis, we must return to radius-resolved saturation for the calculation of sn (Fc).
Based on the our statistical model of fluid movements, during intrusion, we
expect:
ψn (F ;Fc) =
0, F < Fcψ0 (Fc) , F > Fc , (48)
Note that F is the independent variable for ψn(F ), while Fc is a parameter
that corresponds to the imposed pc. Eq. (48) says that at a given Fc, none
of the smaller pores will be filled, while the larger pores, which are effectively
indistinguishable to an advancing meniscus, must all be filled to the same extent,
given by ψ0 (cf. the more general statement given by Eq. (15)). We can evaluate
ψ0 by applying the condition in Eq. (12) and recalling the formula for sn (Fc)
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(Eq. (43)):
α (1− Fc)
(1− α)Fc + α =
∫ 1
Fc
ψ0 (Fc) dF
α (1− Fc)
(1− α)Fc + α = (1− Fc)ψ0 (Fc)
ψ0 (Fc) =
α
(1− α)Fc + α. (49)
Substituting this result into Eq. (48), we have, for primary intrusion:
ψn (F ;Fc) =
0, F < Fcα/ [(1− α)Fc + α] , F > Fc . (50)
Similarly, for primary extrusion we find:
ψn (F ;Fc) =
1− α/ [(1− α)(1− Fc) + α] , F < Fc1, F > Fc , (51)
which is, again, obtained by replacing Fc with (1− Fc), F with (1− F ), and
ψn with (1− ψn) in Eq. (50).
Figures 11 and 12 display the radius-resolved saturation profiles, ψn (F ),
at several values of Fc during intrusion and extrusion, respectively, for either
α = 0.9 (left column) or α = 0.5 (right column).
During intrusion, in a porous sample with high accessivity, at any Fc, nearly
all pore segments larger than the smallest penetrable pore become filled, and
the area of the shaded region is nearly (1− Fc) at all times. On the other hand,
for a lower α, intrusion occurs in a smaller fraction of the penetrable pores at
the same Fc, leading to a lower sn when compared to the previous case.
Arbitrary scanning cycles. Having analyzed primary drainage and primary im-
bibition, we can generalize the above results to describe arbitrary quasistatic
drainage-imbibition cycles using radius-resolved saturation. Suppose a porous
sample acquires a certain ψn(F ;Fc) after begin subject to arbitrary drainage
and imbibition steps. We are interested in predicting changes in ψn(F ;Fc) from
its current state for quasistatic changes in Fc. Specifically, we will modify Eqs.
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Figure 11: In each column (left: α = 0.9, right: α = 0.5), the radius-resolved saturation
profile, ψn (F ), is plotted for incrementally decreasing Fc during mercury intrusion or primary
drainage (see Eq. (50)). The shaded areas represent saturations of the two phases (see Eq.
(12)). The black dashed curve shows the trajectory of the value of ψn for Fc < F ≤ 1 as a
function of Fc (see Eq. (50)).
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Figure 12: In each column (left: α = 0.9, right: α = 0.5), the radius-resolved saturation
profile, ψn (F ), is plotted for incrementally increasing Fc during mercury extrusion or primary
imbibition (see Eq. (51)). The shaded area areas represent saturations of the two phases (see
Eq. (12)). The black dashed curve shows the trajectory of the value of ψn for 0 ≤ F < Fc as
a function of Fc (see Eq. (51)).
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(50) and (51) by considering how general drainage and imbibition compare with
their primary counterparts.
The first point to consider is that, under quasistatic conditions, pores smaller
(or larger) than Fc may only undergo imbibition (or drainage), respectively, due
to local capillary equilibria. Thus, when and only when the imposed Fc changes,
ψn(F ) may only decrease (or remain unchanged) for any F < Fc, and may only
increase (or remain unchanged) for F > Fc. These observations are consistent
with Eqs. (43) and (45), respectively.
The second point concerns the rate of meniscus pinning. In our primary
intrusion (or drainage) formula, Eq. (50), Fc is thought to be associated with
the rate at which a moving meniscus becomes “pinned” – see Eq. (31). Since all
pores with F < Fc are occupied by the wetting phase during primary drainage
(as we demonstrated in Eqs. (15) and (50)), a moving meniscus that encounters
a pore segment smaller than Fc during primary drainage will indeed be blocked
by the wetting fluid that it contains. However, in a material with an arbitrary
history of fluid displacements, only a fraction of the pore segments smaller than
Fc are filled with the wetting phase and are hence able to block an advancing
meniscus during drainage. This fraction can be calculated given the current
ψn(F ) from the definite integral in Eq. (16), which would replace Fc to describe
the true rate of pinning of advancing menisci. Accordingly, for pores with
F > Fc, at a newly imposed Fc, we expect ψn(F ) to increase to a value of:
ψn,dr =
α
(1− α) ∫ Fc
0
(1− ψn) dF + α
. (52)
Analogously, for quasistatic imbibition starting from an arbitrary ψn(F ), we
expect pores with F < Fc to acquire lower values of ψn(F ) given by:
ψn,im = 1− α
(1− α) ∫ 1
Fc
ψndF + α
, (53)
where, the definite integral, as given by Eq. (18), represents the fraction of pore
segments that are larger than Fc and filled with the nonwetting phase, and,
likewise, replaces (1− Fc) in Eq. (51), which would be the value of the definite
integral for primary imbibition.
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Lastly, we combine the above results to arrive at an algebraic formula for
updating the radius-resolved saturation in response to quasistatic capillary pres-
sure variations during an arbitrary drainage-imbibition (or intrusion-extrusion)
scanning cycle:
ψn (F ;Fc) =
min {ψn, ψn,im} , F < Fcmax {ψn, ψn,dr} , F > Fc , (54)
where ψn,dr and ψn,im are given by Eqs. (52) and (53), respectively. As we vary
pc and hence Fc quasistatically, ψn,dr and ψn,im change correspondingly, which
indicate the degree to which pores larger and smaller than Fc can undergo
drainage and imbibition, respectively, based on the connectivity of the pore
space that is indicated by the accessivity, α. We update ψn(F ) at the new Fc
by comparing its previous value at each F with either ψn,dr or ψn,im, depending
on whether F > Fc or F < Fc. That is, since pores larger than Fc may only
undergo drainage under quasistatic conditions, ψn for any F > Fc may only
increase from its previous value, without exceeding ψn,dr, which is the upper
bound for the extent of drainage based on pore-space accessivity; on the other
hand, pores smaller smaller than Fc may only undergo imbibition, so ψn for any
F < Fc may only decrease, but never dropping below a lower bound given by
ψn,im.
Eq. (54) simplifies to Eqs. (50) and (51) for primary drainage and primary
imbibition, respectively. For example, we have ψn(F ) = 0 at the start of primary
drainage, when the pore space is filled exclusively with the wetting phase at all
pore sizes, and the capillary pressure is at a minimum, or Fc = 1. As we reduce
Fc from 1 to 0, ψn for any F < Fc remains unchanged at 0, while ψn for F > Fc
readily increases to ψn,dr, which itself increases as Fc decreases according to Eq.
(52), where the definite integral simply evaluates to Fc. We recover the simpler
result given by Eq. (50) as a result.
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ψw (F ;Fc) =

max
{
ψw,
α
(1−α) ∫ 1
Fc
(1−ψw)dF+α
}
, F < Fc
min
{
ψw, 1− α(1−α) ∫ Fc
0
ψwdF+α
}
, F > Fc
. (55)
5. Illustrative examples
In this section, we present several exploratory case studies to illustrate the
implications of our theory. We will examine the behaviors of the key formulae
derived, including: rules for updating radius-resolved saturations during arbi-
trary drainage-imbibition cycles, Eq. (54) and (55); their simplified forms for
primary drainage and imbibition, Eq. (50) and (51); and the resulting formulae
for conventional saturations, (43) and (45), respectively. Of particular interest is
the role of accessivity, α, in this framework, including how it controls hysteresis,
as well as its connection to pore-space morphology.
5.1. New constitutive law for capillary pressure hysteresis
Since conventional saturations, sw and sn, are easily determined given the
radius-resolved saturations, ψw(F ) and ψn(F ), by Eq. (12), any results based
on radius-resolved saturations can be easily expressed in terms of conventional
saturations. Meanwhile, ψw(F ) and ψn(F ) better represent the distribution of
fluid phases in the pore space, thus naturally capable of producing hysteresis.
For instance, Eqs. (54) and (55), which express the rules for updating radius-
resolved saturations in response to arbitrary quasistatic changes in the capillary
pressure, already constitute a new constitutive law for capillary pressure hys-
teresis. In fact, since the formulae derived are algebraic in nature, they can
be readily incorporated into calculations where it is desirable to include hys-
teresis in the pc(sw) relationship, at the expense of the inclusion of extra state
variables.
To apply our model as a constitutive law for capillary pressure hysteresis, we
would need the following information: the cumulative function of the PSD, F (r);
the condition for pore-scale capillary equilibrium based on effective pore radius,
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which would map pc to rc, and hence to Fc if the PSD is known (see Figure
4); the accessivity of the porous medium, α, which would control the amount
of hysteresis in the resulting pc(sw) curves. Compared to conventional pc(sw)
models, the only additional parameter introduced here is α. Therefore, this
new constitutive law may be regarded as an augmentation of any conventional
pc(sw) formula that does not explicitly model hysteresis, such as parametric
laws [31, 32] and capillary bundle models based on the PSD [36, 37].
To illustrate, consider a hypothetical pore-size distribution, whose density
function f(r) and cumulative function F (r) are displayed in Figure 13. For
simplicity, assume for now that pore-scale capillary equilibrium follows rc ∝
1/pc, e.g., Eq. (7), and that there is no contact-angle hysteresis.
r
0
f
r
0
1
F
Figure 13: The density function (left) and cumulative function (right) of a hypothetical bi-
modal pore-size distribution. The horizontal axis is plotted on a logarithmic scale.
Now, suppose we carry out a quasistatic drainage-imbibition cycle by vary-
ing pc, such that the corresponding Fc surveys the following turning points or
endpoints: 1, 2/6, 4/6, 1/6, 5/6, and 2/6 (that is, Fc is initially at 1, then
reduced to 2/6, then raised to 4/6, and so on). At the beginning of the cy-
cle, because Fc = 1, we assume sn = 0, which implies ψn(F ) = 0 for all F .
Applying Eq. (54), for a given α, we update ψn(F ) for incrementally varying
Fc, and obtain a series of ψn(F ) profiles. Figure 14 shows ψn(F ) at the Fc
endpoints of the scanning cycle, whereas the two columns correspond to two
different accessivities.
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Figure 14: In each column (left: α = 0.9, right: α = 0.5), the radius-resolved saturation profile,
ψn (Fc), is plotted at various Fc during a quasistatic drainage-imbibition cycle, following Eq.
(54). The shaded areas represent saturations of the two phases (see Eq. (12)).
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Subsequently, we use Eq. (12) to find sn by calculating the yellow shaded
area under the ψn(F ) curves in Figure 14. The sn trajectory is plotted against
the imposed Fc in the upper two figures of Figure 15. Next, we map Fc to pc
as we discussed earlier, and plot pc versus sn in the lower two figures of Figure
15, as capillary pressure data are ordinarily reported.
0 1
Fc
0
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sn
(, = 0:9)
0 1
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0
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sn
(, = 0:5)
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sn
pc
(, = 0:9)
0 1
sn
pc
(, = 0:5)
Figure 15: Capillary pressure curves with hysteresis during a drainage-imbibition cycle, pro-
duced from our constitutive law based on the evolution of ψn(F ). The left and right columns
correspond to high (α = 0.9) and moderate (α = 0.5) accessivities, yielding negligible and
moderate degrees of hysteresis, respectively. The vertical axes in the bottom two figures are
on logarithmic scales.
From Figure 15, it is apparent that α indeed controls the amount of hysteresis
in the pc(sn) curves produced from our constitutive law. This is explained by the
different patterns of evolution of ψn(F ) in Figure 14. At α = 0.9, the radius-
resolved saturation evolves in such a way that, at any particular Fc, ψn(F )
resembles a step change from 0 to 1 at F = Fc, analogous to the α → 1 case
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in Figure 6, regardless of the history of Fc. As a result, we have sn = 1 − Fc
at all Fc during the cycle, as shown in the upper left plot in Figure 15. On
the other hand, at α = 0.5, as the cycling of Fc continues, we observe more
complex profiles of ψn(F ), whose evolution is now highly history dependent –
for instance, the ψn(F ) profiles in the upper right and lower right corners of
Figure 14 look notably different, despite the fact that Fc = 2/6 in both cases.
The resulting sn(Fc) and pc(sn) curves, shown in the right column of Figure 15,
are more hysteretic.
We have demonstrated that our new constitutive law, Eq. (54), captures
capillary pressure hysteresis by recording changes in the distribution of immis-
cible fluid phases in different sized pores through the radius-resolved saturation,
ψn(F ). The only additional parameter, α, controls the amount of hysteresis
in the resulting capillary pressure curves by affecting the patterns of evolu-
tion of ψn(F ) as Fc changes. At high accessivities, as most pores become di-
rectly accessible by both fluid phases, ψn(F ) takes similar patterns throughout
a drainage-imbibition cycle, irrespective of the history of Fc, leading to little
capillary pressure hysteresis. At lower accessivities, a greater degree of serial
connectivity between different sized pores renders the evolution of ψn(F ) history
dependent, resulting in more pronounced capillary pressure hysteresis.
5.2. Application to mercury intrusion-extrusion porosimetry
The simple algebraic formulae for primary drainage and imbibition, Eqs.
(43) and (45), can aid the interpretation of mercury intrusion-extrusion porosime-
try data, even without the explicit use of radius-resolved saturations. Here, we
present a simple example to highlight the contrast between the effects of pore-
space connectivity and contact-angle hysteresis on intrusion-extrusion measure-
ments. A thorough analysis involving experimental validation will be presented
in a future work.
Suppose that a porous material has the same PSD that we have considered
in the preceding analysis, given by Figure 13. Even with the PSD kept un-
changed, mercury intrusion-extrusion measurements on the sample may yield
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different results, associated with varying amounts of hysteresis, the causes of
which include contact-angle hysteresis and connectivity effects.
In regard to contact-angle hysteresis, it is believed that the contact angle,
measured in the mercury phase, could be smaller during extrusion than during
intrusion [74]. We may use the ratio:
κ =
cos θextr
cos θintr
∈ (0, 1] (56)
as a descriptor for the significance of this well-known phenomenon, where θintr
and θextr are the contact angles during intrusion and extrusion, respectively.
For the typical case of pi/2 < θextr < θintr < pi, we have κ < 1; if θintr = θextr,
then we have κ = 1. According to Eq. (7), variations in the contact angle
would affect the pore-scale capillary equilibrium condition: pores of a certain
size would correspond to a lower equilibrium capillary pressure during extrusion
than during intrusion. In regard to connectivity effects, our framework uses a
single parameter, the accessivity, α, to describe the arrangement of different
sized pores. Recall that the smaller the accessivity of a porous sample, the more
serial the connection between different sized pores, and the more prominent the
ink-bottle effect.
Contact-angle hysteresis may be the primary cause of hysteresis in mercury
intrusion-extrusion porosimetry in at least some cases [74], but certainly not
all cases [93, 94]. Here, we shall demonstrate using our simple formulae to
take into account both connectivity effects (described with α) and contact-angle
variations (described with κ) to explain hysteresis in porosimetry measurements.
Figure 16 shows the intrusion-extrusion curves produced from Eqs. (43) and
(45) at various α and κ for the assumed PSD. On the left-hand side of Figure
16, since contact-angle hysteresis is absent (κ = 1), any hysteresis observed
is due to connectivity effects alone. The hysteresis loop widens as α becomes
lower, which can be attributed to the increase in serial connectivity between
different sized pores. As α→ 1, the intrusion and extrusion curves collapse into
a single curve, which resembles the shape of F (r) in Figure 13, as the capillary
bundle model would entail. On the right-hand side of Figure 16, we lower κ
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Figure 16: Mercury intrusion-extrusion porosimetry curves for porous samples with α = 0.1
(blue curves), α = 0.5 (red curves), or α = 0.9 (black curves), assuming κ = 1 (no contact-
angle hysteresis) and κ = 0.7 (moderate contact-angle hysteresis, e.g., 140◦ during intrusion
to 122◦ during extrusion) in the left and right plots, respectively.
to 0.7. The inclusion of contact-angle hysteresis shifts each extrusion curve to
the left, towards lower pc, relative to the corresponding intrusion curve, which
is in contrast with the effect of increasing α, the latter stretching and “opening
up” the intrusion and extrusion curves in the vertical direction instead to form
a hysteresis loop. This suggests that the effects of α and κ on porosimetry
curves are dissimilar, and by considering both of them using the simple formulae
proposed in this work, we may generate porosimetry intrusion-extrusion cycles
of a greater variety of shapes than just considering contact-angle hysteresis
alone. Similarly, the same principles could also apply to other characterization
techniques for porous materials, e.g., vapor sorption-desorption [85, 86, 87, 88,
90, 91, 92], water intrusion-withdrawal in gas diffusion layers [95, 96, 97, 98, 99],
etc..
We should note that Eqs. (43) and (45) may not be sufficient for inter-
preting all kinds of mercury intrusion-extrusion porosimetry data observed in
practice. For instance, mercury entrapment is not considered here, which would
involve additional pore-scale physics [100]. Nevertheless, by incorporating the
parameter α as a continuum descriptor for pore-space connectivity, these sim-
ple formulae represent an incremental improvement upon the capillary bundle
approach, which implicitly assumes Eq. (29), or either of our Eqs. (43) and
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(45) with α = 1.
5.3. Connection to invasion percolation
Despite the various simplifying assumptions underlying our statistical theory,
it is nevertheless of interest to investigate the proposed concepts in more realistic
contexts. In this paper, we will examine invasion percolation on two-dimensional
square lattices as a specific example of pore-network simulations.
Firstly, we construct an N -by-N square lattice whose edges are assigned
random “pore radii”. Recall from earlier discussions that we find it advantageous
to refer to a particular pore size by F , or the volume fraction of all pores in
the sample that are smaller than that size. This way, we may simply assign to
each edge on the lattice an F drawn randomly and uniformly from the interval
[0, 1], obviating the need for prescribing a PSD. Repeating this process a great
number of times would result in an ensemble of realizations of lattices of the
same dimensions, where the arrangement of different sized edges is statistically
similar, but distinct in each realization. The leftmost two columns of Figure 17
represent two such realizations with N = 10.
Secondly, we suppose that the pore space is initially filled with the wetting
phase only (represented by the blue fluid in Figure 17), which would undergo
drainage as it is replaced by the nonwetting phase (represented by the yellow
fluid in Figure 17) in response to Fc decreasing in small increments from 1 to
0. We assume that all vertices on the perimeter of the lattice have direct access
to the invading nonwetting fluid, and that all interior vertices are connected
to sinks, into which the defending wetting fluid may drain freely (alternatively,
we may assume that the defending wetting fluid is indefinitely compressible,
like the vacuum phase in mercury intrusion porosimetry). Under quasistatic
conditions, at any prescribed Fc, each edge may be filled with either the wetting
or the nonwetting phase, but not both. We neglect the capacity of vertices on
the lattice, and consider bond percolation only (similar to [75]). Like in typical
invasion percolation calculations, an edge filled with the wetting phase will drain
if and only if both of the following two conditions are satisfied: (1) its size F is
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Figure 17: Each of the leftmost two columns depicts quasistatic drainage on a two-dimensional
square lattice with side length N = 10, showing the fluid distribution at various Fc as it
decreases from 1 to 0. The thickness of each edge corresponds to its F (r), where r is its
randomly assigned pore radius. The rightmost column displays the corresponding radius-
resolved saturation profile, ψn(F ), as red curves, based on a total of 2 000 independent trials.
The shaded areas represent saturations of the two phases (see Eq. (12)). The black dashed
curve shows the trajectory of the mean value of ψn for Fc < F ≤ 1 as a function of Fc (see
Eq. (50)).
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larger than the imposed Fc; (2) at least one of its vertices belongs to an edge
that is filled with the nonwetting phase. As we see in either of the first two
columns of Figure 17, the n phase replaces the w phase in an increasing number
of edges as Fc decreases, until all edges are filled with the n phase when Fc goes
to 0, although the exact invasion percolation pattern is not the same in each
realization due to the randomness in the arrangement of different sized pores.
Thirdly, we compute the radius-resolved saturation of the nonwetting phase
at each Fc, ψn(F ;Fc), by tallying edges of each size (given by F ) filled with
either fluid (w or n), across all realizations of lattices with the same prescribed
side length. For example, at Fc = 4/6, we find that among all edges of sizes near
F = 0.81 (i.e., in some small interval centered at this value depending on the
discretization level) across a total of 2 000 realizations of N = 10 lattices, 71.7%
are filled with the nonwetting phase and the rest are filled with the wetting
phase; therefore, ψn(F = 0.81;Fc = 4/6) = 0.717, as we may identify in the
second plot in the rightmost column of Figure 17. Similarly, the figure also
contains ψn(F ) at other selected Fc. We observe that in each profile, ψn = 0
for all F < Fc, and that ψn is nearly constant for F > Fc. This is consistent
with our proposition in Eq. (48). Denoting the mean value of ψn(F ;Fc) for
F > Fc by ψ0 (Fc) (similar to Eq. (48)), we plot its trajectory as black dashed
curves overlaying the radius-resolved saturation profiles in Figure 17 (similar to
Figure 11). Evidently, the ψ0 (Fc) trajectory is shaped differently in either case;
notably, ψ0 (Fc) approaches unity around Fc = 1/2 on two-dimensional square
lattices (see Figure 17), rather than at Fc = 0 in our statistical theory based on
pore branching (see Eq. (50) and Figure 11). These correspond to the critical
occupation probabilities (percolation thresholds) for bond percolation on a 2-D
square lattice and in 1-D, which are 1/2 and 1, respectively [81, 82].
Fourthly, we use Eq. (12) to compute sn from ψn(F ) at each Fc, so as to
obtain the sn (Fc) relationship for quasistatic primary drainage. This calculation
is then repeated for various N ranging from 2 to 200, with selected results shown
on the left-hand side of Figure 18. For small N , nearly all pore segments on the
lattice are directly accessible by the invading fluid, and we have sn ≈ 1 − Fc,
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as the capillary bundle model would predict. As N becomes larger, sn (Fc)
deviates further from the sn = 1− Fc line, indicating a more prominent role of
the ink-bottle effect. However, in all cases, sn rapidly approaches 1 − Fc past
the critical probability of 1/2, which is reminiscent of the observations in [84],
and differs from those shown in Figure 10. Nevertheless, it is clear that when
we increase N here, like when we decrease α in our statistical theory, the porous
sample behave in a way that is more and more distinct from that of a capillary
bundle, as a result of a greater degree of serial connections between different
sized pores.
Lastly, we capitalize on these observations to arrive at estimates for the
accessivities of porous samples represented by the various square lattices con-
sidered. On the one hand, according to our microscopic statistical theory, 1/α
can be interpreted geometrically as the mean number of different sized pores
encountered per pore instance (see Eqs. (26) – (28)). Although this interpre-
tation of accessivity, as we have discussed, is only strictly valid when the pore
space contains no loops, we may still consider it in the context of square lattices
to obtain a “geometric estimate” for α. One can verify that a 2-D square lattice
with side length N = 2, 3, . . ., as depicted in Figure 17, has 2N(N − 1) edges,
and that of those edges, 4(2N − 3) are connected to a vertex on the perimeter.
If we claim that each edge that is accessible from the perimeter constitutes a
pore instance for fluid displacement, and all the different sized edges are shared
among these instances, we may write:
1
αgeom
=
total # edges on lattice
# edges on perimeter
=
2N(N − 1)
4(2N − 3)
αgeom =
2(2N − 3)
N(N − 1) . (57)
These geometric estimates, shown as the black curve in the right-hand side plot
of Figure 18, are valid for all integers greater than or equal to 2. Note that
αgeom = 1 for both N = 2 and N = 3 because in either case all edges on
the lattice are also directly accessible from its perimeter. On the other hand,
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from a macroscopic perspective, we expect α to be correlated with the area of
a hysteresis loop in a drainage-imbibition cycle, which we shall denote by H.
Based on our simple formulae for primary drainage and imbibition, Eqs. (43)
and (45), the area between each pair of curves for a given α in Figure 10 is:
H = 1− 2
∫ 1
0
α (1− Fc)
(1− α)Fc + αdFc
=⇒ H = 1 + 2α
1− α
(
lnα
1− α + 1
)
, (58)
which implies that the area of the hysteresis loop on a sn (Fc) graph (e.g.,
Figure 10) would vary from 0 to 1 as α changes from 1 to 0. In contrast,
in the left-hand side plot in Figure 18, it appears that the area between the
sn (Fc) curve and the sn = 1 − Fc line only increases up to 1/8 as N → ∞.
The area of a full hysteresis loop, which we shall denote by H ′, would hence
only increase up to 1/4. If we consider H ′ = 1/4 and H = 1 analogous in the
sense that they are both the maximum possible areas of a drainage-imbibition
hysteresis loop in either scenario, it is plausible to estimate accessivity from
invasion percolation data by substituting H = 4H ′ into Eq. (58) and solving
for α, which we shall we refer to as αmarco because it is based on measurements
in terms of macroscopic quantities only. The results for various N are shown as
red circles on the right-hand side of Figure 18. Remarkably, αgeom and αmarco
agree quite well with each other, even though they are both crude estimates
based on our statistical theory involving pore morphologies that are notably
simpler than those considered in these invasion percolation simulations. These
results substantiate the view that accessivity as a continuum property of porous
media does indeed have a physically intuitive pore-scale interpretation: because
α measures the degree to which different sized pores are arranged in parallel
or series, it must correlate with the area of hysteresis loops that arise due to
connectivity effects, which holds true beyond the premise of our simple statistical
theory based on pore branching, at least in a qualitative sense, even in pore
networks that are plagued with loops.
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Figure 18: The left-hand side plot shows the sn (Fc) curves during primary drainage on 2-D
square lattices of side lengths N = 4, N = 9, and N = 35, which deviates further from the
sn = 1−Fc (capillary bundle limit) as N grows larger. The right-hand side plot compares the
geometric and macroscopic estimates of accessivities of lattices with various N (the horizontal
axis uses a logarithmic scale), which are calculated from pore-scale data and continuum-scale
measurements, respectively, and seem to agree well.
6. Further discussions
In this section, we will further expound the conceptual usefulness as well as
limitations of our theory. We will discuss the broader utility of accessivity and
radius-resolved saturation, including how they may be generalized.
6.1. Analyzing experimental and numerical data
It is of interest to analyze simulation and experimental results based on ac-
cessivity and radius-resolved saturations, which better captures the microscopic
distribution of fluid phases than the conventional saturations. Using these con-
cepts affords an intuitive connection from macroscopic observations to the PSD,
without resorting to the capillary bundle model.
For instance, suppose we would like to explain to someone for the first
time why pc(sw), krw(sw), and krn(sw) curves take their usual shapes. It
would be impossible to do so without referring to how the wetting and non-
wetting fluids are distributed in different sized pores. For example, in [35], the
authors attributes the asymmetry between krw(sw) and krn(sw) curves (i.e.,
krw(sw = s0) < krn(sw = 1− s0) for some given s0) to the fact that “the wet-
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ting phase preferentially occupies the small pores”, which are associated with
lower conductances (see Eq. (6)). We can add to this intuitive explanation by
considering ψw(F ) and ψn(F ): in a porous material with high accessivity, nearly
all pores smaller than Fc are indeed filled with the wetting phase; however, as α
becomes lower, although the wetting phase still “prefers” smaller pores, only a
fraction of all pores smaller than Fc actually contains the wetting fluid. Further-
more, this line of reasoning would also naturally attribute hysteresis in krw(sw)
and krn(sw) to the history dependent evolution patterns in ψw(F ) and ψn(F ),
at the same time predicting less hysteresis in a sample with high accessivity.
Thus, it is conceptually advantageous to apply our theory to analyze exper-
imental and simulation data where both pore-scale information and continuum-
scale measurements are available. Such efforts may improve our understanding
of how ψw(F ) and ψn(F ) evolve under different circumstances, and could facil-
itate the upscaling of pore-scale data to continuum-scale results. Additionally,
empirical observations may suggest useful improvements upon the current for-
mulae. For example, we may add relaxation dynamics and fluid entrapment to
the laws governing the evolution of radius-resolved saturation, or consider the
spatial correlation of different sized pores by making accessivity dependent on
pore size, rather constant for the whole medium. Similar to efforts examining
the role of the “specific interfacial area” [47, 44, 48, 49, 50] as a state variable
in continuum models of multiphase flow [51, 52, 53, 54, 55, 56, 57, 58, 59, 60],
these investigations could lead to new constitutive relationships in the contin-
uum description of multiphase flow.
6.2. Improving continuum simulations of multiphase flow
We have discussed how our statistical theory constitutes a constitutive law
for capillary pressure hysteresis for use in continuum simulations of multiphase
flow. Similarly, new constitutive relationships may be derived for relative per-
meability hysteresis too, which will be explored in future works. These new
constitutive laws would complement traditional formulations of multiphase flow
with the addition of ψw(F ) and ψn(F ) as state variables that better describe
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the pore-scale distribution of fluid phases, and α as a material property that
tunes the amount of hysteresis in drainage-imbibition cycles.
More broadly speaking, it is conceivable that the simple probabilistic argu-
ments that we used in deriving the ODEs for quasistatic drainage-imbibition
could motivate new PDE models of greater generality for the dynamics of mul-
tiphase flow in porous media, which would be comparable to Hilfer’s approach
[61, 62, 63] but with an intuitive connection to microscopic physics.
6.3. Establishing correlations
Finally, accessivity as a new property of porous materials can be incorporated
into conceptual discussions of macroscopic processes where the connection of
different sized pores plays a role. As a specific example, in the classical literature
[101, 102, 1], the intrinsic permeability, ks, of a porous medium for single-phase
flow is often linked to φ and τ . Under the assumption that the pore space
behaves like a bundle of nearly identical channels, all with the same cross-
sectional shape and effective radius, the intrinsic permeability is modeled as:
ks = C
φ
τ
, (59)
where the proportionality constant C has units of area and is dependent on
the assumed cross-sectional shape and pore radius. Scheidegger [103] extended
this picture by allowing the pores to vary in size, deriving formulae for C in
Eq. (59) given the PSD, for two limiting cases – where different sized pores
are arranged completely in parallel, and where they are arranged completely
in series. Unsurprisingly, the model predicts a higher C, and hence ks, for the
parallel case, where the narrower pores contribute less to the overall resistance
to flow. This hints at incorporating α into our description for ks, which we
qualitatively portray in Figure 19, with higher α leading to a higher ks at
constant φ and τ , assuming the PSD remains the same. Note that, for a certain
type of porous media, we may not be able to vary all of φ, τ , and α completely
independently, and it is an interesting research question as to what the various
constraints might be.
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Figure 19: Continuum-scale properties such as porosity (φ), tortuosity (τ), and accessivity (α)
distinguish between porous media with dissimilar pore-scale features. Introducing accessivity,
which describes the connectivity of different sized pores in a simple fashion, expands our ability
to conceptually and quantitatively characterize porous media (such as depicted in qualitative
terms here for the intrinsic permeability, ks), which would be relevant in continuum modeling.
7. Conclusions
We have proposed the pore-space accessivity, α ∈ (0, 1), as a continuum-scale
parameter for describing the arrangement of different sized in porous media.
Defined quantitatively for an idealized pore space but interpreted conceptually
similarly for real porous media, α compares the length (or volume) scale for pore
radius variation to the typical size of a pore instance (the pore space explored by
an average meniscus in a control volume); in other words, we may interpret 1/α
as the average number of different sized pore segments encountered in a pore in-
stance. In the limit of α→ 0, different sized pores are overwhelmingly connected
in series, leading to significant ink-bottle effect, thereby causing hysteresis loops
in drainage-imbibition cycles to widen. As α→ 1, different sized pores become
overwhelmingly arranged in parallel, hence eliminating connectivity effects and
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recovering the classical model of a bundle of straight capillaries.
We have proposed the radius-resolved saturations, ψw(F ) and ψn(F ), to re-
place convectional saturations, sw and sn. Because ψw(F ) and ψn(F ) explicitly
assign fluid saturations to different sized pores, they serve as a better state
variable for describing multiphase processes in porous media than conventional
saturation variables. Based on our statistical framework, we derived a simple
set of algebraic formulae for updating ψw(F ) and ψn(F ) during arbitrary cy-
cles of quasistatic drainage and imbibition. The formalism naturally predicts
capillary pressure hysteresis caused by connectivity effects, while the amount of
hysteresis is controlled by accessivity. As α→ 1, at a certain imposed capillary
pressure, we have ψn(F ) ≈ 1 for all pores large enough to favor occupation by
the nonwetting fluid, and ψn(F ) ≈ 0 for all smaller pores. At a lower α, connec-
tivity effects create more complex patterns in ψn(F ), whose history dependence
leads to hysteresis in conventional macroscopic state variables.
The statistical framework we considered uses a probabilistic process to con-
struct an idealized pore space, where pore branching and effective pore ra-
dius variation are modeled as independent homogeneous Poisson point processes
with respect to some pore axial coordinate. Considering quasistatic immiscible
drainage-imbibition in a porous medium, we have examined events experienced
by a meniscus in an ensemble of instances of probabilistically constructed pore
spaces, and have subsequently derived simple algebraic formulae (Eqs. (43),
(45), (54), (55), (50), and (51)) for capillary pressure hysteresis for porous
media with different α, expressed in terms of either conventional saturations
or radius-resolved saturations. All formulae converge to the capillary bundle
model in the α→ 1 limit.
We have demonstrated that our simple algebraic formulae could serve as
a new constitutive law for capillary pressure hysteresis for use in continuum
simulations, at the expense of the inclusion additional state variables. The for-
mulae may also be applied to interpret mercury intrusion-extrusion porosimetry
measurements, where α accounts for connectivity effects in a simple fashion to
complement the usual consideration of contact angle hysteresis. Using results
54
from a simple invasion percolation study, we have interpreted accessivity both in
terms of pore-scale, geometric information and continuum-scale measurements,
which suggest the conceptual generality of our theoretical framework.
Like established concepts including porosity (φ), tortuosity (τ), and pore-
size distributions, we expect accessivity (α) and radius-resolved saturations
(ψw(F ), ψn(F )) to have much broader utility in the continuum modeling of
multiphase processes in porous media at larger. Our framework conceptual-
izes and quantifies the arrangement of different sized pores and the microscopic
distribution of fluid phases within, and makes predictions of continuum-scale
behaviors of the porous medium accordingly. We expect the concepts proposed
in this work to motivate new constitutive laws, correlations, and PDE models
for continuum-scale processes in porous media that captures connectivity effects
in a mathematically simple and physically intuitive fashion.
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